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A Transformer Cascade, Optimally Matched to a Con-
ductance Shunted by a Stub, Exhibiting Reflection
Coefficient Zeros .

H. J. RIBLET

Abstract—A class of transmission-line networks is exhibited,
which consist of alternate quarter-wave line sections and short-
circuited stubs terminated in a stub in parallel with a conductance,
which are optimum in the sense that no other network of the same
form, with the same termination, can have a lower bound on its
reflection coefficient in the design band. The reflection coefficients
of these optimum networks are equiripple and have the maximum
number of zeros in the design band consistent with their length.

The result of this letter is contained in the following theorem in
which the Y; are the characteristic admittances of the equal-length
stubs of Fig. 1, and the Z; are the characteristic impedances of
transmission lines of the same length separating them, while R, is
the terminating resistance and the generator impedance is unity.

Theorem

If, for Y, =0, ¢ = 1,--+n and fixed Y, and R,, the Z; can be
chosen so that the input reflection coefficient T has n 4 1 zeros in
a design band and assumes its maximum absolute value, I'yax, 7 + 2
times in the design band, then there is no other network of the
allowed form, terminated in ¥, and R, for which I' < I'y,, in the
design band.

Before proceeding with the proof of this theorem, it should be
observed that Carlin and Kohler [17] have shown that for a fixed
design band, and given Ry < 1 or ¥y > 0, a network can be found
meeting the conditions of the theorem. Of course, Ry and ¥, cannot
both be assigned arbitrarily. In fact, Carlin and Kohler have given
formulas for determining Ro and ¥, in terms of T'max. ’

Proof: If t = cos 8/sin 8, with 8 = 2xl/),, the transfer matrix of
the matching network, including the last susceptance, may be
written
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which is readily shown by induction to have the general form

An(®)  jBaa(t)
(& 4 1)~ : (3)
iCasa () Dalt)

Here A, (t), Bai(t), Cnia(t), and D,(t) are real, even or odd poly-
nominals in ¢ depending on the degree given by their subseript.
Finally the insertion loss function, Py, is given by
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Now the result is that in minimizing this function over the design
band, we are dealing with what amounts to a Chebyshev problem
[2]. Thus we are especially interested in the coeff cient of the

highest power of ¢ in E,; () and we see that it is determined by
the coefficient of »*1in C, 4 (¢). Consider
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Then
Qio = @i_1,0 — LiCi_1,0 . (6)
and
Cio = —Yiia,0+ (YiZ; + 1)ciae (7)
while a0 = 1 and ¢o,0 = —Yo. Since Z; is always positive and ¥

is never negative, a;,0 > 0 while ¢;,0 < ¢;.4,0 with the ejuality hold-
ing if and only if ¥; = 0. Thus the coefficient of i»*1 in C, (1) is
less than — Y, unless all of the Y; are zero in which case it is equal
to — Y, regardless of the values of the Z,.

For the particular Z; which were selected so that the conditions
of the theorem are satisfied

E.n®/@E + D

has the appearance in the design band shown in Fig. 2 Clearly any
other function of the form

B, (®)/ @+ 1)»

arising from an allowed network with the same load must have a
leading coefficient C’ for which €’ > Y¢?Ro/4. If we assume that it
has equal or superior performance in the design band so that

B (&) /(8 + 1) < Tyus?/ (I + Trax?) 8)

Fig. 2.
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it will still have values falling between these limits when multiplied
by Y¢2Ro/4C’. The new function will intersect the curve in Fig. 2 in
2n -+ 2 points, and the difference between the new function and the

equiripple function defines an even polynomial of degree 2n with .

2n + .2 zeros” Since this is clearly impossible unless E..' (f2) =
E,.1 (), the conditions of the theorem characterize a unique, opti-
mum transformer cascade which matches the specified reactively

_ shunted load with equiripple performance and reflection coefficient

zeros in the design band.

COMMENTS

One of the principal points of interest in this letter arises from
the fact that this example shows that an integral condition on the
logarithm of the absolute value of the reflection coefficient like
[1, eq. (58)7 cannot be used to argue that in an optimum match
to a reactively loaded load, one must avoid reflection coefficient
geros in the design band. The situation here for distributed match-
ing networks should be compared to that for lumped constant net-
works discussed extensively by Fano [3].

The argument used in the proof of the theorem is very similar
to that which one would use to prove that the Chebyshev poly-
nomials provide the solution to the problem of approximating

27 1zn a5 closely as possible to a polynomial of lower degree, a so-
called Chebyshev problem [27. In this case, however, the coefficient,
of the even function #*2/(1 + #2)», which is to be approximated,
is not fixed by the class of networks to be- considered, with the
consequence that we are not dealing with a true Chebyshev problem.
Nevertheless, since all the networks of the permitted class result in
a larger, leading coefficient than is associated with the network
which provides the behavior required by the Chebyshev criterion,
a proof that it is optimum can still be constructed. It may be of
future interest to refer to such a problem as quasi-Chebyshev
problem. )

It should also be noted that similar remarks apply to the dual
network in which the termination consists of a resistance in series
with a capacitive stub.
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